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We analyze the effects of laser-induced Stark shift and irreversible population loss on the technique of
chirped-frequency adiabatic passage, and the ensuing symmetries and asymmetries in the ionization
and fluorescence signals. We find that the properties of the detection signal depend critically on the fash-
ion in which it is collected: for example, the post-pulse populations of the ground and excited states, and
the ionization signal collected during the excitation, possess different symmetry properties with respect
to the frequency chirp rate and the static frequency detuning. We illustrate these features with two
exactly soluble analytic models, which describe simultaneous excitation and ionization of a two-state
quantum system, as it typically occurs in atomic excitation with femtosecond laser pulses. We find that
the ionization signal may exhibit unexpected oscillations and derive the conditions for maximizing their
contrast.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Coherent excitation of a two-state atom by a laser pulse is usu-
ally associated with symmetric excitation profiles [1], i.e. the exci-
tation probability is a symmetric (even) function of the detuning D
and the chirp rate C. When multiple states are involved, there is al-
ways a multitude of (often interfering) excitation pathways, and a
change of sign in the detuning or the chirp of the excitation pulse
(or pulses) makes the system follow a different path in Hilbert
space, and arrive at a different outcome. A two-state system, how-
ever, is too simple in this respect for it has only one transition path
w1 $ w2, from which the symmetry of the excitation probability
P1!2 with respect to D and C usually, but not always, follows. Sym-
metries of this sort can be broken, for example, by the presence of
dynamic Stark shifts and population losses (e.g., ionization) in-
duced by the excitation pulse.

In this article we examine in some detail the sources of asym-
metries in the two-state excitation profiles. We find that the prop-
erties of the detected signal depend significantly on its nature: for
example, the post-pulse populations of the ground and excited
states (probed, e.g., by subsequent laser-induced fluorescence or
ionization) and the ionization signal accumulated during the exci-
tation display different symmetry properties with respect to the
frequency chirp and the detuning. To this end, we use two analyt-
ll rights reserved.
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ically exactly soluble models, which extend the analytic models of
Demkov–Kunike [2] and Carroll–Hioe [3] to complex detuning,
which is needed to model simultaneous excitation and population
loss. These models allow us to describe the effects of laser-induced
Stark shift and irreversible population loss (spontaneous emission,
ionization, etc.) upon chirped adiabatic passage techniques; these
effects become significant in strong-field atomic excitation by
ultrashort (picosecond and femtosecond) laser pulses [4–6].

The paper is organized as follows. We introduce the model
physical system in Section 2. The two-state symmetries and asym-
metries are described in Section 3. The analytic models are pre-
sented and discussed in Section 4. The conclusions are
summarized in Section 5.

2. Model physical system

2.1. Two-state system

Our model system comprises two states, ground w1 and excited
w2, the transition between which is driven by an external coherent
field. The evolution of this system is described by the Schrödinger
equation [1]:

i�hotcðtÞ ¼ HðtÞcðtÞ; ð1Þ

where cðtÞ ¼ ½c1ðtÞ; c2ðtÞ�T is the column vector with the probability
amplitudes c1ðtÞ and c2ðtÞ of the two states w1 and w2. The Hamilto-
nian in the rotating-wave approximation reads:
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Fig. 1. Different approaches to measure the detection signal in a two-state system,
as explained in Section 2.2: (a) post-pulse population of the excited state w2 probed
by a subsequent fluorescence or laser-induced ionization; (b) post-pulse population
of the initial state w1 probed by a subsequent laser-induced fluorescence or
ionization; (c) ionization signal Pion from the excited state w2, caused by the
excitation pulse itself.
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The detuning D is the offset of the laser carrier frequency x
from the Bohr transition frequency x0, D ¼ x0 �x. The detuning
DðtÞ is real and may have an arbitrary time dependence, which
may occur through temporal variation of either the laser frequency
xðtÞ (by frequency chirping) or the atomic transition frequency
x0ðtÞ (by using controlled Stark or Zeeman shifts induced by
time-varying electric or magnetic fields). The Rabi frequency XðtÞ
quantifies the field-induced coupling between the two states.
For single-photon electric-dipole excitation, we have XðtÞ ¼
�d � EðtÞ=�h, where d is the atomic transition dipole moment and
EðtÞ is the envelope of the laser electric-field amplitude. For two-
photon excitation, the Rabi frequency is proportional to E2ðtÞ. This
follows from the fact that such processes correspond to second-or-
der terms in perturbation theory [1]. The Rabi frequency XðtÞ is as-
sumed real, positive and pulse-shaped. The irreversible-loss rate
CðtÞ is real and positive and may be constant or pulse-shaped.
The latter situation, of pulse-shaped CðtÞ occurs, for instance,
when the driving pulse, while acting upon the transition
w1 $ w2, simultaneously ionizes the population of the excited state
w2; this typically occurs in excitation by femtosecond laser pulses.

We shall be concerned with excitation of a two-state atom by a
single intense laser pulse, which may have the following simulta-
neous actions: (i) excite the transition w1 $ w2; (ii) ionize the pop-
ulation from state w2 with a rate CðtÞ; (iii) induce dynamic Stark
shifts caused by the presence of the other, far off-resonance states
in the atom. Let the time dependence of the laser electric field be
described by the function f ðtÞ; hence the laser intensity is
IðtÞ ¼ I0f ðtÞ2. Then the Rabi frequency XðtÞ will be proportional to
either f ðtÞ or f ðtÞ2, whereas the dynamic Stark shift SðtÞ and the
ionization rate CðtÞ (for one-photon ionization) are both propor-
tional to f ðtÞ2:

XðtÞ ¼
X0f ðtÞ /

ffiffiffiffiffiffiffiffi
IðtÞ

p
ðone-photon transitionÞ;

X0f ðtÞ2 / IðtÞ ðtwo-photon transitionÞ;

(
ð3aÞ

SðtÞ ¼ S0f ðtÞ2 / IðtÞ; ð3bÞ

CðtÞ ¼ C0f ðtÞ2 / IðtÞ: ð3cÞ

Since the analytical models that we consider comprise symmet-
ric pulse shapes, unless specified otherwise, we shall assume that
the pulse shape f ðtÞ is a symmetric (even) function of time:

f ð�tÞ ¼ f ðtÞ: ð4Þ

However, general results for asymmetric shapes are also de-
rived. The detuning may have a static component D0 and a chirped
(time-dependent) part BðtÞ, which may be linear:

BðtÞ ¼ Ct; ð5Þ

or nonlinear, e.g., BðtÞ ¼ B tanhðt=TÞ.
The dynamic Stark shift is included in the detuning, i.e. we

have:

DðtÞ ¼ D0 þ SðtÞ þ BðtÞ: ð6Þ

We shall therefore assume that the detuning contains two
parts: a symmetric one (even function of time) De ¼ D0 þ SðtÞ and
an antisymmetric one (odd function of time) Do ¼ BðtÞ.

The system is supposed to be initially in state w1 ½c1ðtiÞ ¼ 1;
c2ðtiÞ ¼ 0� and we are interested in the occupation probabilities
after the interaction, P1!1 ¼j c1ðtf Þj2 and P1!2 ¼j c2ðtf Þj2, and
the accumulated population loss (ionization) Pion ¼ 1� P1!1� P1!2.
2.2. Detection signals

In a two-state system, the detection signal may be measured by
at least three different scenarios.

� Measurement of the post-pulse population of the excited state w2

(the transition probability P1!2) via fluorescence from this state
or probe-pulse ionization, Fig. 1(a).

� Measurement of the post-pulse population of the initial state w1

(the survival probability P1!1) by using a probe laser pulse to
an auxiliary excited state and the ensuing fluorescence or ioni-
zation from this state, Fig. 1(b).

� Measurement of the ionization signal Pion from the excited state
w2, caused by the excitation pulse itself, and therefore collected
during the excitation, Fig. 1(c).

In this paper we show that the three signals P1!1, P1!2 and Pion

may contain different information, for example, they may have dif-
ferent symmetry properties. It is therefore very important in an
experiment, even for such a simple two-state system, to pay atten-
tion to how the signal has been collected.

3. Asymmetries in two-state excitation

The time-dependent two-state quantum system possesses var-
ious symmetries. We shall now describe some cases when asym-
metries emerge, and then analyze what can be accomplished by
means of chirped pulses.

In the numerical simulations below we use symmetric fsðtÞ and
asymmetric faðtÞ pulse shapes:

fsðtÞ ¼ e�t2=T2
; ð7aÞ

faðtÞ ¼ e�t2=T2
1þ tanh t=Tð Þ½ �=2: ð7bÞ

The Rabi frequency and the Stark shift are taken as

XðtÞ ¼ X0fs;aðtÞ; ð7cÞ
SðtÞ ¼ sXðtÞ ¼ S0fs;aðtÞ; ð7dÞ

with S0 ¼ sX0.

3.1. Sign inversion symmetries in a two-state system

3.1.1. Sign inversion of the detuning and the Rabi frequency
In the lossless case ðC ¼ 0Þ, the sign flip in the detuning DðtÞ !

�DðtÞ is equivalent to a complex conjugation of both c1ðtÞ and
c2ðtÞ, and a change of sign in the amplitude c1ðtÞ. Neither of these
operations change the transition probability, which is therefore
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Fig. 2. The Rabi frequency and the energies in a two-state system (upper plots) and
the populations (bottom plots) for a symmetric Gaussian pulse (7a) with a peak
Rabi frequency X0 ¼ 15=T , for a linear chirp (5), with static detuning D0 ¼ 10=T ,
relative Stark shift s ¼ 0:5, and no population loss ðC ¼ 0Þ. Left frames: up-chirp,
C ¼ 20=T2, right frames: down-chirp, C ¼ �20=T2.
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Fig. 3. Excitation probability vs. the chirp rate C in the absence of losses ðC ¼ 0Þ.
The four curves represent combinations of presence ðs ¼ 0:5Þ or absence ðs ¼ 0Þ of
Stark shift, and symmetric (sym) or asymmetric (asym) pulse shapes. The peak Rabi
frequency is X0 ¼ 15=T and the static detuning is D0 ¼ 10=T.
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invariant to the sign flip of the detuning. The presence of losses
ðC > 0Þ does not change these arguments because the above opera-
tions do not change the sign of the C-term.

The sign flip of the Rabi frequency XðtÞ ! �XðtÞ is equivalent
to the sign flip c2ðtÞ ! �c2ðtÞ, and hence this operation does not
alter the probabilities either. Again, this conclusion does not de-
pend on the presence of losses.

3.1.2. Time inversion
In the lossless case ðC ¼ 0Þ, the probabilities are invariant upon

time inversion. This feature follows from the following arguments.
The propagator Uðtf ; tiÞ from the initial time ti to the final time tf is
defined via:

c tf

� �
¼ U tf ; ti

� �
c tið Þ: ð8Þ

Time inversion means to propagate from tf to ti, which occurs
through the inverse of the propagator:

c tið Þ ¼ U�1 tf ; ti
� �

c tf
� �
¼ Uy tf ; ti

� �
c tf
� �

; ð9Þ

because for coherent evolution the Hamiltonian is hermitian and
the propagator is unitary, U�1ðtf ; tiÞ ¼ Uyðtf ; tiÞ. In the interaction
representation the propagator belongs to the SU (2) group and
can be parameterized by the Cayley–Klein parameters [7] a and b as

U tf ; ti
� �

¼ a �b�

b a�

� �
: ð10Þ

Therefore, the transition probability from ti to tf is Pif
1!2 ¼j bj

2,
and the transition probability from tf to ti is Pfi

1!2 ¼ j � bj2 ¼
Pif

1!2; hence the forward and backward transition probabilities
are equal.

This property holds only when: (i) there are only two states
(only then the off-diagonal Cayley–Klein parameters are equal in
absolute value, Eq. (10)); (ii) there are no incoherent processes
(only then Eq. (9) holds). When there are incoherent processes,
or/and more than two states, the forward and backward transition
probabilities generally differ. For example, in stimulated Raman
adiabatic passage (STIRAP) [8], the forward (with counterintuitive
pulse order) and backward (with intuitive order) processes lead to
substantially different results.

3.2. Chirped-pulse excitation

Chirped laser pulses introduce further symmetries and asym-
metries in two-state excitation.

3.2.1. Lossless case ðC ¼ 0Þ
3.2.1.1. Symmetric pulse shape. In the lossless case ðC ¼ 0Þ, when all
terms but the chirp are even functions of time and the chirp is an
odd function of time, Eqs. (3), (4) and (7), the sign flip of the chirp is
equivalent to a time inversion; then if the up-chirp corresponds to
the forward process, the down-chirp corresponds to the backward
process. An example is shown in Fig. 2 where the Rabi frequency
and the energies (diabatic and adiabatic) are plotted together with
the time evolution of the populations in the absence of losses
ðC ¼ 0Þ. The pulsed field creates an avoided crossing of the adia-
batic (dressed) energies. The sign of the chirp (up-chirp or down-
chirp) determines when the crossing occurs: at early (for up-chirp)
or late (for down-chirp) times. The final transition probability is
the same for up and down chirps because of the symmetries dis-
cussed above. However, the population histories are different and
this makes a difference when a population loss mechanism is pres-
ent, such as ionization induced by the excitation pulse. Then an
early crossing will expose more population to ionization and there-
fore will produce a larger ionization signal. The presence or ab-
sence of ac Stark shift does not alter qualitatively the picture in
this case.

By combining arguments from the above discussion it is readily
seen that the populations are invariant to the sign change of the
symmetric part DeðtÞ of the detuning, e.g., the static part D0 for zero
Stark shift. Indeed, the sign change DeðtÞ ! �DeðtÞ is equivalent to
the combination of the two sign changes DoðtÞ ! �DoðtÞ and
DðtÞ ! �DðtÞ, which, as we showed above, do not change the
post-pulse populations. The implication is that the excitation line
profile P1!2ðD0Þ is a symmetric function (in the absence of Stark
shift), even in the presence of a frequency chirp.

3.2.1.2. Asymmetric pulse shape. If the pulse shape is asymmetric in
time, the sign flip of the chirp is not equivalent to time inversion
and the transition probabilities for up-chirp and down-chirp may
differ. This is easily understood from another viewpoint, when
the chirp is sufficiently large to create an energy level crossing
(at time tc): for an asymmetric pulse, an up-chirp can create a level
crossing at different value of the Rabi frequency than does a down-
chirp; hence the transition probabilities, which depend primarily
on the ratio XðtcÞ2=jCj, will differ in general [9].
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Fig. 3 illustrates these properties for symmetric and asymmetric
pulse shapes, in the presence and absence of ac Stark shift, and for
linear chirp. The figure shows that the chirp asymmetry occurs
only for asymmetric pulse shape (7b). The presence of ac Stark shift
(whenever present it is assumed quite strong, S0 ¼ 0:5X0) has only
a marginal effect. The very small value of the excitation probability
around zero chirp is due to the large static detuning D0.
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Fig. 5. Probabilities P1!1 and P1!2 and the ionization probability Pion vs. the static
detuning D0 and the chirp rate C in the presence of ionization losses ðC0 ¼ 0:5=TÞ
and in the absence of Stark shift, s ¼ 0. The pulse shape is Gaussian, Eq. (7a), with a
peak Rabi frequency X0 ¼ 15=T.
3.2.2. Lossy case ðC > 0Þ
The presence of ionization loss breaks the symmetry of the

Hamiltonian (2). Then even if the pulse shape f ðtÞ is symmetric
the ionization probability Pion exhibits asymmetry with respect
to the sign of the chirp C. This is demonstrated in Fig. 4. The only
case when Pion is symmetric vs C is when the static detuning and
the ac Stark shift both vanish, D0 ¼ 0 and S0 ¼ 0; then the change
of sign of the chirp is equivalent to sign inversion of the detuning,
with no effect on the probabilities. Similar asymmetry as in Pion

emerges in the excitation probability P1!2.
It is far less evident that the survival probability P1!1 retains its

symmetry versus the chirp, even though Pion and P1!2 are asym-
metric. It is shown in Appendix A that if the Rabi frequency XðtÞ
and the loss rate CðtÞ are even functions of time, while the detun-
ing is a sum of an even part De (the static component and the Stark
shift) and an odd part Do (the chirp component), then changing the
sign of the odd (or the even) part leaves the final survival probabil-
ity unchanged, although the evolution can be different. The impli-
cation is that the survival probability P1!1 is an even function of
the chirp rate C (regardless of the Stark shift). The survival proba-
bility P1!1 is an even function of the static detuning D0 only in the
absence of Stark shift ðs ¼ 0Þ, because the symmetric part of the
detuning De is a sum of the static detuning and the Stark shift. With
nonzero Stark shift, the symmetry is lost and P1!1 is asymmetric
vs. D0.

These features are illustrated in Fig. 5, which shows a contour
plot of the probabilities P1!1 and P1!2 and the ionization probabil-
ity Pion vs. the static detuning D0 and the chirp rate C. The transition
probability P1!2 and the ionization probability Pion are highly
asymmetric vs. both D0 and C. Because the pulse shape is symmet-
ric, this asymmetry is caused by the presence of ionization losses.
However, the ground-state probability P1!1 (i.e. the survival prob-
ability) is symmetric vs. the chirp C, in complete agreement with
the property proved in Appendix A. Because of the absence of Stark
shift, P1!1 is also symmetric vs. D0.

The fact that asymmetry exists follows from the broken symme-
tries of the Hamiltonian in the presence of losses, as explained
above. The details of this asymmetry, e.g., which chirp favours ion-
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Fig. 4. Ionization probability vs. the chirp rate C in the presence of ionization losses
ðC0 ¼ 0:1=TÞ. The four curves represent combinations of presence or absence of
Stark shift and static detuning, for symmetric pulse shapes. The peak Rabi frequency
is X0 ¼ 15=T .
ization, can be understood by looking at the time evolution of the
probabilities and the respective energy diagram. Fig. 6 presents a
typical example of time evolution for four different combinations
of detunings and chirps. As discussed above, an early crossing in-
duces a larger ionization signal. An early crossing occurs when
both the static detuning D0 and the chirp rate C have the same sign,
positive (top right frame) or negative (bottom left frame); as ex-
pected, the ionization signal in these cases is larger.
4. Analytic models

Now we shall present two exactly soluble analytic models,
which will allow us to illustrate explicitly the features discussed
above.

4.1. Generalized Demkov–Kunike model

The generalized Demkov–Kunike (DK) model is defined by

XðtÞ ¼ X0 sechðt=TÞ; DðtÞ ¼ D0 þ B tanhðt=TÞ; ð11Þ

where X0, D0 and B are real parameters and the loss rate of the ex-
cited state is CðtÞ ¼ C0 ¼ const=0. Because of the constant popula-
tion loss this model is suitable to describe excitation in the presence
of fluorescence from the excited state to other states outside the
system, or in the presence of ionization from the excited state in-
duced by another, cw laser, coupling this state to the continuum.
In the original DK model, there is no population loss, C0 ¼ 0 [2].
By following the derivation in [10] we can solve the generalized
DK model for C0=0. The exact survival probability (the ground-state
population) at t !1 is [10]
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P1!1 ¼
C 1

2 1þ 1
2 cþ i d� bð Þ

� �� �
C 1

2 1þ 1
2 cþ i dþ bð Þ

� �� �
C 1

2 1þ 1
2 cþ ,þ id

� �� �
C 1

2 1þ 1
2 c� ,þ id

� �� �
					

					
2

; ð12Þ

with a ¼ X0T , b ¼ BT , c ¼ C0T , d ¼ D0T and , ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

q
. In the ab-

sence of decay, when c ¼ 0, this probability coincides with the ori-
ginal DK probability [2]:

P1!1 ¼
coshðpdÞ þ cosðp,Þ
coshðpdÞ þ coshðpbÞ : ð13Þ

The transition probability P1!2 vanishes as t !1 because of
the constant loss, P1!2 ! 0. The ionization is

Pion ¼ 1� P1!1: ð14Þ

Eqs. (12) and (14) show that the survival probability P1!1 and
the ionization Pion are symmetric versus the signs of D0 and B, as
expected from the general theory in Section 3. This property is
illustrated in Fig. 7, where the survival and ionization probabilities
are plotted versus the static detuning D0 and the chirp rate B.

4.2. Generalized Carroll–Hioe model

4.2.1. The model
Another exactly soluble analytic model is defined by

XðtÞ ¼ X0 sechðt=TÞ; ð15aÞ
DðtÞ ¼ B tanhðt=TÞ þ S0 sechðt=TÞ: ð15bÞ

When X0, B, and S0 are real the solution has been derived by
Carroll and Hioe (CH) [3]. Here we extend this model to nonzero
loss rate:

CðtÞ ¼ C0 sechðt=TÞ; ð16Þ

the exact solution is derived in Appendix B. This model allows us to
describe two-photon excitation with a tanh chirp, in the presence of
ac Stark shift and single-photon ionization. Because the Rabi fre-
quency, the Stark shift and the population loss rate are all propor-
tional to the same function sech(t), this model is particularly
suitable for two-photon excitation with simultaneous single-pho-
ton ionization; then the CH model imposes a hyperbolic-secant
temporal dependence on the intensity of the laser pulse.

4.2.2. Transition probabilities: exact
The transition probabilities are derived in Appendix B and read:

P1!1 ¼ e�pc epb=2 cos 2pq� e�pb=2 cos 2pr
sinh pb

				
				
2

; ð17aÞ

P1!2 ¼ e�pc p2ab
2 sinh pb


 �2

� C 1� ib=2þ r þ qð ÞC 1� ib=2þ r � qð Þj j�2

� C 1� ib=2� r þ qð ÞC 1� ib=2� r � qð Þj j�2
; ð17bÞ

P2!1 ¼ e�pc p2ab
2 sinh pb


 �2

� Cð1þ ib=2þ r þ qÞCð1þ ib=2þ r � qÞj j�2

� Cð1þ ib=2� r þ qÞCð1þ ib=2� r � qÞj j�2
; ð18aÞ

P2!2 ¼ e�pc e�pb=2 cos 2pq� epb=2 cos 2pr
sinh pb

				
				
2

; ð18bÞ

where

r ¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ rþ ib� icð Þ2

q
; ð19aÞ

q ¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r� ib� icð Þ2

q
; ð19bÞ

with a ¼ X0T , b ¼ BT, c ¼ C0T , and r ¼ S0T. It is easy to verify that
for c ¼ 0 we have P1!1 ¼ P2!2 and P1!2 ¼ P2!1 because r ¼ q�. For
c–0 these equalities do not hold.

For a system initially in state 1, the ionization signal is

Pion ¼ 1� P1!1 � P1!2: ð20Þ

Obviously, the survival probabilities P1!1 and P2!2, Eqs. (17a)
and (18b), are even functions of B and S0, as it follows also
from the general theory. The transition probabilities P1!2 and
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P2!1, however, are not invariant upon the sign flip B! �B or
S0 ! �S0. We illustrate this property in Fig. 8, where the popula-
tions and the ionization are plotted vs. the chirp rate B. The sur-
vival probability P1!1 is an even function of B, whereas the
transition probability P1!2 and the ionization Pion are asymmetric
vs. B.

In the absence of Stark shift and losses, S0 ¼ C0 ¼ 0, the Carroll–
Hioe model reduces to the Allen–Eberly model, the transition prob-
ability for which reads [11]:

PAE
1!2 ¼ PAE

2!1 ¼ 1� cos2 p,=2ð Þ
cosh2 pb=2ð Þ

; ð21Þ

where , ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

q
. For a sufficiently large chirp rate B and peak

Rabi frequency X0, this transition probability approaches unity:

PAE
1!2 ! 1 X0 J B J 1=Tð Þ; ð22Þ

this is an example of chirped-pulse adiabatic passage [12].

4.2.3. Transition probabilities: asymptotics
The extension of the Carroll–Hioe model to complex parameters

presented above allows us to study quantitatively how adiabatic
passage is affected by the presence of Stark shift and irreversible
ionization losses.

We are interested primarily in the regime of small values of r
and c, jr� icj � 1. We use the expansions:

r 	 ,
4
þ b cþ irð Þ

4,
þ O jr� icj2

� 
; ð23aÞ

q 	 ,
4
� b cþ irð Þ

4,
þ O jr� icj2

� 
: ð23bÞ

and expand the sine and cosine in Eq. (17a) to find the following
asymptotics of the survival probability:

P1!1 	 PAE
1!1e�pc 1þ pc

b
,

tan p,=2ð Þ
tanh pb=2ð Þ þ O r2; c2

� �� �
: ð24Þ

For the transition probability we find from Eq. (17b) the
asymptotics:

P1!2 	 PAE
1!2e�pc 1þ O r2; c2� �� �

: ð25Þ
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Eqs. (24) and (25) show that the Stark shift affects the probabil-
ities only in second order Oðr2Þ. If , ¼ 0 (i.e. for a ¼ b), it can be
shown that Eqs. (24) and (25) hold up to first order Oðr; cÞ.

Using Eqs. (24) and (25) we obtain the asymptotics of the ioni-
zation signal:

Pion 	 1� e�pc � e�pcpc
b
,

sin p,ð Þ
sinh pbð Þ þ O r2; c2� �

: ð26Þ

This formula reveals a curious feature of the ionization signal: it
exhibits damped oscillations versus the peak Rabi frequency
(through ,). This feature is indeed intriguing because the unstruc-
tured ionization continuum is usually seen as an incoherent
medium, void of interference patterns and oscillations. Here we
find that the oscillation frequency depends only on , ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � b2
q


 T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

0 � B2
q

, i.e. on the peak Rabi frequency X0 and

the chirp rate B, but not on the Stark shift S0 and the decay rate
C0. The amplitude of the oscillations depends on all these parame-
ters but S0; most notably, it vanishes rapidly with the decay rate C0

and the chirp rate B, but only slowly with X0, as a sinc function.
These features are illustrated in Fig. 9, where the ionization sig-

nal is plotted versus the peak Rabi frequency for different sets of
parameters. When the loss rate C0 is increased the ionization oscil-
lates around an increased asymptotic value, 1� e�pc, and the oscil-
lation amplitude varies as ce�pc (the maximum amplitude is for
c ¼ 1=p), but the phase of the ionization oscillations is almost
unaffected. Finally, as follows from Eq. (26), the oscillation ampli-
tude decreases with the chirp rate B, and it is maximal at zero
chirp.

5. Conclusion

In this work we have presented a detailed study of the effects of
Stark shift and irreversible population loss (ionization) upon
chirped adiabatic passage in a two-state quantum system. We have
shown that in the presence of population loss channel, various
symmetries that exist in the lossless case are broken, whereas oth-
ers remain intact. We have shown that three conventional detec-
tion signals — the post-excitation populations of states 1 and 2
and the ionization signal collected during the excitation — exhibit
different symmetries. In particular, the post-excitation population
of the initial state (the survival probability) retains its symmetry
with respect to sign flip of the even part (typically the static detun-
ing) or the odd part (typically the chirp) of the detuning. The post-
excitation population of the other state and the ionization signal,
though, do not have this symmetry, and are therefore asymmetric
with respect to the chirp and the static detuning.
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These features can be observed in a single-photon transition be-
tween two states, in which the upper state is ionized by the exci-
tation pulse. A three-state ladder system, with a far-off-
resonance intermediate state (which can be eliminated adiabati-
cally), provides another convenient playground for testing these
symmetries; For example, the ladder 3s–3p–4s in sodium atom ap-
pears particularly suitable [6].

We have made use of two exactly soluble analytic models,
which are extensions of the models of Demkov–Kunike and Car-
roll–Hioe to complex parameters. Both models assume a hyper-
bolic-secant time dependence of the Rabi frequency. The
Demkov–Kunike detuning is a sum of a constant term, the real
part of which describes a static detuning and the imaginary part
a constant probability loss, and a hyperbolic-tangent chirp. The
Carroll–Hioe detuning is a sum of a hyperbolic-secant term, the
real part of which describes a Stark shift and the imaginary part
an ionization (both caused by the excitation pulse), and a hyper-
bolic-tangent chirp. This model therefore can be used to describe
a two-photon excitation accompanied by simultaneous single-
photon ionization.

The analytic solutions make it possible, besides illustrating
explicitly the symmetries in the signals, to derive the corrections
to the adiabatic passage solution introduced by the Stark shift
and the population loss. We have found an interesting oscillatory
behavior in the ionization signal. The phase of these oscillations
depends primarily on the Rabi frequency, and to a lesser extend
on the chirp, but not on the loss rate or the Stark shift. We have
used the generalized Carroll–Hioe solution to establish the optimal
conditions for experimental observation.
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Appendix A. Invariances of the survival probabilities

We show here, that the survival probabilities P1!1 and P2!2 in a
lossy two-state system do not depend on the sign change of the
odd part DoðtÞ and the even part DeðtÞ of the detuning, provided
the Rabi frequency XðtÞ and the loss rate CðtÞ are even functions
of time. We write the Hamiltonian in the interaction
representation:

HðtÞ ¼ �h
2

0 XðtÞe�iDðtÞ

XðtÞeiDðtÞ 0

" #
; ðA1Þ

with DðtÞ ¼
R t

0ðDðt
0Þ � iCðt0Þ=2Þdt0. The formal solution for the evolu-

tion operator is expressed using the Dyson series:

U 1;�1ð Þ ¼ 1þ
X1
n¼1

Un 1;�1ð Þ; ðA2Þ

where

Un 1;�1ð Þ ¼ �i
�h


 �n Z 1

�1
dt1

Z t1

�1
dt2 � � �

Z tn�1

�1
dtn

�H t1ð ÞH t2ð Þ � � �H tnð Þ; ðA3Þ

and t1 > t2 > � � � > tn. It is straightforward to show that the even
powers of the Hamiltonian in the sum in Eq. (A2) generate diagonal
matrices, while the odd powers are anti-diagonal matrices. We con-
sider the diagonal elements first. Let us examine the simplest diag-
onal term in the Dyson series, which for n ¼ 2 reads:
U2 1;�1ð Þ¼�1
4

Z 1

�1
dt1

Z t1

�1
dt2�

X1X2e�i D1�D2ð Þ 0
0 X1X2ei D1�D2ð Þ

" #
:

ðA4Þ

The subscripts in Xk and Dk indicate the instant of time tk. The
higher powers of the Hamiltonian in the Dyson series have a sim-
ilar simple form.

By using simple transformations of variables, it can be shown
that U2ð1;�1Þ is invariant under the transformation Do $ �Do,
while the change De $ �De leads only to complex conjugation.
These results are also valid for the higher even-order terms of
the Dyson series, which means that the considered transforma-
tions do not change the absolute values of the diagonal elements
of the evolution matrix. This, in turn, proves the invariance of the
survival probabilities.

These arguments obviously do not hold for the odd terms in the
sum, which means that in the presence of losses C > 0 the transi-
tion probabilities P1!2 and P2!1 are not invariant with respect to
the sign flips Do $ �Do and De $ �De.

Appendix B. Solution of the Carroll–Hioe model for complex
parameters

In order to solve the Carroll–Hioe model (15), we begin with a
phase transformation of the probability amplitudes:

c1ðtÞ ! c1ðtÞ; c2ðtÞ ! c2ðtÞ exp �i
Z t

0
DðsÞds

� �
; ðB1Þ

which brings Eq. (1) into the interaction representation:

i
d
dt

c1ðtÞ ¼
1
2

XðtÞe�iDðtÞc2ðtÞ; ðB2aÞ

i
d
dt

c2ðtÞ ¼
1
2

XðtÞeiDðtÞc1ðtÞ; ðB2bÞ

where D ¼
R t

0 DðsÞds, i.e.

D ¼ S0 � iC0ð ÞT arctan sinh t=Tð Þ½ � þ BT ln cosh t=Tð Þ½ �: ðB3Þ

We now change the independent variable from t to z [3]:

z ¼ sinh t=Tð Þ � i
sinh t=Tð Þ þ i

; ðB4Þ

and denote CnðzÞ ¼ cnðtðzÞÞ ðn ¼ 1;2Þ. As t changes from �1 to 1,
the variable z changes from 1 to e2pi. By following the derivation
of Carroll and Hioe [3], we obtain the following solution for C1ðzÞ
in terms of the Gauss hypergeometric function Fða; b; c; zÞ [13]:

C1ðzÞ¼ z�r� r�icþibð Þ=4� Az2rF �ib=2þ rþq;�ib=2þ r�q;1þ2r;zð Þ
h

þBF �ib=2� rþq;�ib=2� r�q;1�2r;zð Þ�; ðB5Þ

where

r ¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ rþ ib� icð Þ2

q
; ðB6aÞ

q ¼ 1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r� ib� icð Þ2

q
; ðB6bÞ

and

a ¼ X0T; r ¼ S0T; c ¼ C0T; b ¼ BT: ðB7Þ

The integration constants A and B can be determined from the
initial conditions c1ð�1Þ ¼ 1, c2ð�1Þ ¼ 0:

A ¼ C �ibð ÞC �2rð Þ
C �r þ q� ib=2ð ÞC �r � q� ib=2ð Þ ; ðB8aÞ

B ¼ C �ibð ÞC 2rð Þ
C r þ q� ib=2ð ÞC r � q� ib=2ð Þ : ðB8bÞ
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Then the solution for C1ðzÞ reads:

C1ðzÞ ¼ z�ðr�icþibÞ=4 � z�r C �ibð ÞC 2rð Þ
C �ib=2þ r þ qð ÞC �ib=2þ r � qð Þ

�
�F �ib=2� r þ q;�ib=2� r � q; 1� 2r; zð Þ

þzr C �ibð ÞC �2rð Þ
C �ib=2� r þ qð ÞC �ib=2� r � qð Þ

�F �ib=2þ r þ q;�ib=2þ r � q; 1þ 2r; zð Þ�: ðB9Þ

In a similar manner we derive the solution for the probability
amplitude C2ðzÞ, by using Eq. (B2a):

C2ðzÞ ¼ �
a
4

2ibzðr�icþibÞ=4�rep b�irþcð Þ=2

� C 1� ibð ÞC 2rð Þ
C 1� ib=2þ r þ qð ÞC 1� ib=2þ r � qð Þ

�
�F ib=2� r þ q; ib=2� r � q; 1� 2r; zð Þ

þz2r C 1� ibð ÞC �2rð Þ
C 1� ib=2� r þ qð ÞC 1� ib=2� r � qð Þ

�F ib=2þ r þ q; ib=2þ r � q; 1þ 2r; zð Þ�: ðB10Þ

From Eqs. (B9) and (B10), and recalling the transformation (B1),
one can derive the propagator elements U11 and U21 in the original
basis by using the Gauss summation formula:

F a; b; c; 1ð Þ ¼ C c � aþ bð ÞCðcÞ
C c � að ÞC c � bð Þ : ðB11Þ

The result is

U11 1ð Þ ¼ e�p irþcð Þ=2 epb=2 cos 2pq� e�pb=2 cos 2pr
sinh pb

; ðB12aÞ

U21 1ð Þ ¼ �i
pa
2

2ib cosh tf
� ��ibe�p cþirð Þ=2C 1� ibð Þ2

� ½C 1� ib=2þ r þ qð ÞC 1� ib=2þ r � qð Þ
� C 1� ib=2� r þ qð ÞC 1� ib=2� r � qð Þ��1

: ðB12bÞ

In a similar fashion, we can derive the solution for the model
(15) for the initial conditions c1ð�1Þ ¼ 0, c2ð�1Þ ¼ 1, which will
give us the propagator elements U12 and U22. We use that Eqs.
(B2) are of the same form as for initial conditions c1ð�1Þ ¼ 1,
c2ð�1Þ ¼ 0, but for D! �D, i.e. b! �b, r! �r, c! �c, r ! r,
q! q. By using Eqs. (B1) and (B3) we obtain:

U12 1ð Þ ¼ �i
pa
2

2�ib cosh tf
� �ibe�p cþirð Þ=2C 1þ ibð Þ2

� C 1þ ib=2þ r þ qð ÞC 1þ ib=2þ r � qð Þ½
� C 1þ ib=2� r þ qð ÞC 1þ ib=2� r � qð Þ��1

; ðB13aÞ

U22 1ð Þ ¼ e�p irþcð Þ=2 epb=2 cos 2pr � e�pb=2 cos 2pq
sinh pb

: ðB13bÞ
The transition probabilities Pm!n ¼ jUnmðe2piÞj2 are given explic-
itly by Eqs. (17) and (18).
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